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Abstract 

Bayesian reasoning is ubiquitous in everyday life. How people perform in formal Bayesian 

reasoning tasks, however, depends on both how the task is presented and individual differences 

in general ability. Different theoretical views predict that these individual difference factors 

should either interact with, or be independent of, presentation formats. This research first 

established changes in reasoning performance across different presentation formats (information 

presented either in natural frequencies or in percentages, and either with pictorial aids or with no 

pictures). Concurrently, participants were assessed for their general level of numerical literacy 

and level of spatial ability. Multiple analyses indicate that the contributions of numerical literacy 

and spatial ability to Bayesian reasoning success were largely independent of the presentation of 

the tasks (numerical format and picture presence). These findings are shown in a subsequent 

experiment to hold, broadly, across four different assessments of numerical literacy and four 

different assessments of spatial ability. This result is most consistent with an ecological 

rationality view of statistical reasoning.  
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Adding up to Good Bayesian Reasoning: Problem Format Manipulations and Individual 

Skill Differences 

Updating the prior probability of something happening, given new information, is a 

ubiquitous part of life. We revise our beliefs about having the flu based on developing 

symptoms, we change the terrorist threat levels based on new and credible information, and we 

update our chances of a successful date based on how responsive the other person was to our 

lame jokes. Given the widespread nature of this process and the ease with which we apparently 

do it every day, one might think that this is a skill at which humans excel.  

 When we formalize this likelihood updating process in the form of a Bayesian reasoning 

task with actual numbers, however, we do not find good performance. Instead, we are 

remarkably poor at doing Bayesian reasoning. Most famously, Casscells, Schoenberger, & 

Grayboys (1978) found that doctors and medical students were largely unable to correctly 

answer the following problem: 

If a test to detect a disease whose prevalence is 1/1000 has a false positive rate of 5 per 

cent, what is the chance that a person found to have a positive result actually has the 

disease, assuming that you know nothing about the person’s symptoms or signs? 

Findings of this sort led to a prolonged process of diagnosing why people are so bad at doing 

something (Bayesian reasoning) that they should be very good at doing (e.g., Kahneman, Slovic 

& Tversky, 1982).  

Over the last couple decades a few techniques have emerged for significantly improving 

Bayesian reasoning. The most potent of these techniques have been the use of numbers which are 

naturally sampled frequencies and the use of pictorial representations of problems. Such 

techniques thus have the potential for improving decision making across a wide range of 
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applications (e.g., in law: Hoffrage, Lindsey, Hertwig, & Gigerenzer, 2000; Lindsey, Hertwig, & 

Gigerenzer, 2003), in medicine: Garcia-Retamero & Hoffrage, 2013; Gigerenzer, Gaissmaier, 

Kurz-Milcke, Schwartz, & Woloshin, 2007; Gigerenzer, Hoffrage, & Ebert, 1998; Hoffrage & 

Gigerenzer, 1998, and in business: Hoffrage, Hafenbrädl, & Bouquet, 2015).  

 The actual realization of these applications in everyday life, though, is impeded by two 

issues surrounding the nature and generalizability of these techniques. One issue is that there are 

theoretical debates about the underlying explanations as to why these techniques help Bayesian 

reasoning. To the extent that there is a debate on this topic, it can sow doubt and confusion, 

inhibiting further applications of these techniques. A second issue is that recent work has 

questioned how and to what extent individual differences in ability (e.g., numerical literacy) 

potentially interact with these techniques, threatening the generalizable effectiveness of their 

application (for a review on both these issues, see Johnson & Tubau, 2015).  

 The following sections describe key findings and concepts regarding these two issues. 

Experimental results are then presented which disambiguate both the theoretical issues and the 

issue of how individual differences interact with key techniques for improving Bayesian 

reasoning. 

Naturally Sampled Frequencies  

It is a fact that presenting information in the format of naturally sampled frequencies 

greatly improves Bayesian reasoning performance, as compared to the use of other formats (e.g., 

standardized numbers such as percentages or probabilities; Gigerenzer & Hoffrage, 1995). 

Naturally sampled frequencies, often referred to as “natural frequencies” for short, are whole 

numbers which are organized into non-normalized categories and sub-categories (Kleiter, 1994). 

Thus, there are two features of natural frequencies. One feature is the use of frequencies, which 
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is based on the ecology of the natural environment (objects, events, and locations in the world 

tend to occur or not occur in a countable way) and has subsequently also been based on a 

rationale that the mind should be evolved to expect frequencies of objects, events, and locations 

as the quantitative input for most decisions (Cosmides & Tooby, 1996; Brase, Cosmides, & 

Tooby, 1998). The other feature of natural frequencies is the natural sampling framework within 

which frequencies are situated. As (frequency) information is experienced in a natural 

environment, it is placed into categories, and some of these categories can be subsets of larger 

categories (e.g., frequencies of observed people with a disease may be a subset of people seen to 

have a particular symptom). This sampling structure, as pointed out by early developers of 

natural frequencies (Kleiter, 1994, Gigerenzer & Hoffrage, 1995), actually makes the calculation 

of Bayesian reasoning tasks much simpler because base rates are implicitly incorporated within 

the subset frequencies. 

This later property of natural frequencies – the use of non-normalized numbers which 

implicitly incorporate base-rate information— is something that everyone agrees is a 

contributing factors in improving performance (Johnson & Tubau, 2015). Thus, there is an 

emerging consensus at this point that the natural sampling structure of natural frequencies is 

clearly helpful. A recent meta-analysis finds a robust and sizeable effect of natural frequencies 

(McDowell & Jacobs, 2014). Where researchers disagree is on the role of frequencies as a 

numerical format, and specifically if frequencies are a cognitively privileged representational 

format for understanding quantitative information (usually associated with an evolutionary 

rationale for why this would be so). The original research on the use of natural frequencies in 

Bayesian reasoning takes this view, which is often referred to as the ecological rationality view 

(Gigerenzer & Hoffrage, 1995, see especially Cosmides & Tooby, 1996). This view emphasizes 
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that mesh between the available information in the natural environment (which can, of course, be 

changed) and the representational format with which the mind is designed to most effectively 

work (Brase, 2002).  

Others have countered with a somewhat different view: that Bayesian reasoning 

improvements are caused by a much more general process of helping people to “see” the nested 

set structure of the reasoning task. This is often referred to as the nested-sets view. Neither the 

exact computational underpinnings of this alternative explanation, nor it’s provenance as a part 

of human cognitive abilities, has been specified. Perhaps as a consequence, there has been a 

proliferation of ways to describe this alternative view that all nevertheless rely on appeal to 

intuition. It has been described as manipulations which promote “clarity” or a “partative 

formulation” (Macchi, 1995, 2000), as a facilitation for “construction of a set inclusion mental 

model” (Evans, Handley, Perham, Over, & Thompson, 2000), and as changes which make the 

nested relationship “opaque” or “transparent” (Sloman, Over, Slovak, & Stibel, 2003). Johnson 

and Tabau (2015) assert that “Clearly, the quantitative relationship amongst subsets are more 

transparently afforded (emphasis added).” the common threads running thought these views are 

the presence of some version of a natural sampling framework under a different label and an 

objection to the evolved and cognitively privileged status of frequency information 

representations (Brase, 2002, 2008, 2014; Brase & Hill, 2015; Gigerenzer & Hoffrage, 2007; 

Hoffrage, Gigerenzer, Krauss, & Martignon, 2002). 

 The temporal order of work describing the ideas of both natural sampling and then nested 

sets can be assessed by both the citations above and has been subsequently articulated in several 

places (e.g., Brase, 2002; Brase & Hill, 2015; Gigerenzer & Hoffrage, 2007). Naturally sampled 

frequencies were proposed as a way of understanding human cognition as it related to likelihood 
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updating based on the structure of ecological information and a plausible framework for 

processing that information in the human mind (Gigerenzer & Hoffrage, 1995). Later research 

loosely co-opted the natural frequencies approach into the nested sets approach, but in the 

process confused the combination of “natural” and “frequencies;” natural frequencies refers to 

naturally sampled frequencies, which combines the nested sets structure with the numerical 

format of frequencies. However, as Brase and Hill (2015) discuss, the arguments regarding who-

did-what-first add very little to research on understanding the underlying structures of human 

cognition. Thus, we will refer readers to the research exploring those issues, and will not further 

address those issues here. 

Naturally Sampled Frequencies and Numeracy  

Into this research area some people have introduced the idea of looking at individual 

differences and how they relate to Bayesian reasoning abilities (Johnson & Tubau, 2015). Most 

commonly, do different levels of general numerical literacy (often shortened to “numeracy”) 

influence the effectiveness of natural frequencies? The research at this point has been notably 

inconsistent on this question (Brase & Hill, 2015). Three different hypothesis, each with some 

supporting data, have been proposed: 

a) The fluency hypothesis (Peters, Västfjäll, Slovic, Mertz, Mazzocco, & Dickert, 2006) predicts 

that only people who are lower in numeracy will show facilitation due to information given 

as natural frequencies, because they are more bound to the given format. That is, a person 

with higher numeracy can more easily mentally transform information from its initial format 

into natural frequencies (or into other formats), so the way in which numerical information is 

initially provided has relatively little effect on their performance. Less numerate people, on 

the other hand, are more beholden to the numerical information as it has been given to them.  
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b) The threshold hypothesis (Chapman & Liu, 2009) predicts that only people who are higher in 

numeracy will show facilitation due to information given as natural frequencies, because they 

are the only ones who understand problems well enough to take advantage of the greater 

insights into the task which the frequency format affords.  

c) The frequentist hypothesis (Cosmides & Tooby, 1996; Gigerenzer & Hoffrage, 1995) 

predicts that people across a wide range of numeracy will show similar levels of facilitation 

due to information given as natural frequencies, because the mind evolved to work well with 

natural frequencies. Also, the format of natural frequencies facilitates easier computation of 

Bayes’ rule. Aside from people exceptionally low in numeracy (not able to engage in 

statistical reasoning, generally) or exceptionally high in numeracy (experts who have 

extensive training), natural frequencies should generally be helpful for everyone.   

Let us scrutinize, in more detail, how these three hypothesis envision the interaction between the 

representation of information and participants' numeracy. 

 The nested sets view implies a potentially strong interaction between the effects of natural 

frequencies (nested-sets) and numeracy, including substantial overlapping variances 

accounted for by these two variables. Conceptually, clarifying the nested set structure via one 

factor would “suck out” all the clarification potential, rendering the other factor useless. 

Specifically, the fluency hypothesis proposes that highly numerate individuals already “see” 

the subset structure (either immediately or upon their own conversion of the numerical 

information) and thus the use of natural frequencies would be of little added value for them.  

 The threshold hypothesis, in contrast, seems to contradict the nested sets view, because it 

indicates that one factor which promotes clarity/transparency (numeracy) is a prerequisite for 

a different factor (natural frequencies) which also promotes clarity/transparency. It has also 
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been suggested that results consistent with the threshold hypothesis may reflect 

methodological factors in studies (i.e., when Bayesian reasoning tasks are very difficult, 

participant performance could be at floor levels across most conditions, improving only when 

highly numerate people are given natural frequencies—yielding a statistical interaction 

result; Hill & Brase, 2012).  

 The frequentist hypothesis, based on an ecological rationality position in which natural 

frequencies are a cognitively privileged representational format for understanding 

quantitative information, implies small or no interactions with other factors. Analogous with 

the use of multiple cues in depth perception (Eysenck & Keane, 2000), there could be some 

overlap in factors, but each should be individually discernable under appropriate 

circumstances. 

 These three distinct positions were clarified and tested against each other by Hill and 

Brase (2012), which found that the frequentist hypothesis was the best supported position. 

Subsequent research has also found it useful to distinguish these three different positions from 

each other and have found similar results (Johnson & Tubau, 2013). But there continues to be 

disagreement about the viability of these different hypotheses, with conflicting data still 

emerging (e.g., Ayal & Beyth-Marom, 2014). The present research was specifically designed to 

incorporate multiple measures of Bayesian reasoning ability and to expand the general idea of 

individual differences and Bayesian reasoning research by including the effects of spatial 

abilities on the use of pictorial aids. 

Pictorial Aids  

Generally, supplementing a statistical reasoning text with a picture of the situation will 

improve performance (Brase, 2009a; 2009b; Brase, Fiddick, & Harries, 2006; Garcia-Retamero, 
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Galesic, & Gigerenzer, 2010; Garcia-Retamero & Hoffrage, 2013; Ichikawa, 1989; Sloman, et 

al., 2003; see Johnson & Tubau, 2015 for a review), although there may be some exceptions 

(Gaissmaier, et al., 2012). A series of studies (Brase, (2009a, 2014) looked at different specific 

types of pictorial representations for improving Bayesian reasoning: Venn circles, arrays of 

icons, and roulette-wheel diagrams, to assess which types of pictures were more helpful than 

others. Such comparisons were more than just descriptive information gathering; if one takes the 

nested sets view that natural frequencies help Bayesian reasoning fundamentally because the 

natural frequencies help make the nested-set relationships within the task more transparent to 

people, then pictures such as Venn diagrams should be most helpful (because they visually 

emphasize the nested sets relationships). In contrast, if one takes the view that natural 

frequencies help Bayesian reasoning fundamentally because they tap into a privileged 

representational format based on individuated, experienced items (i.e., the ecological rationality 

view), then pictures such as icon arrays should be most helpful (because they visually emphasize 

the frequency of the objects, events, or locations). The latter view was clearly supported by both 

Brase (2009a) and Brase (2014). Other recent research, however (Sirota, Kostovičová, & 

Juanchich, 2014), has disputed these findings and claimed that no differences exist across 

different types of visual displays (and that such null results, curiously, support a nested-sets 

view). 

Pictorial Aids and Spatial Abilities 

The research on effects of pictorial aids in Bayesian reasoning generally parallels the 

findings and theoretical debates about the effects of natural frequency representations. One can 

thus ask if there is a parallel topic to explore in terms of individual differences influencing the 
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effects of pictorial aids. The individual difference parallel to numerical literacy, in this case, 

would be visuospatial ability. 

 To our knowledge only one paper has researched the relationship between spatial ability 

and Bayesian reasoning. Kellen, Chan, and Fang (2013) used Venn diagrams to supplement a 

range of statistical tasks, including Bayesian reasoning tasks. They found the usual overall 

benefits of added pictorial representations for statistical reasoning. This general pattern, though, 

interacted with spatial ability. For low-complexity problems, performance of low spatial ability 

participants was actually impaired by pictorial representations, and performance of high spatial 

ability participants showed no effect of pictorial versus text displays. In contrast, for high-

complexity problems, performance of low spatial ability participants was unaffected by the 

pictures, and performance of high spatial ability participants were helped by the presence of 

pictorial representations. These results, and in particular the later one, is consistent with a 

threshold hypothesis-type view (but applied to individual differences in spatial ability). This 

research leaves open, however, questions such as how different spatial ability levels are related 

to the use of different types of visual displays and if there is any relationship between spatial 

ability, numeracy, and the effects of naturally sampled frequencies. For example, prior research 

(Brase, 2009a, 2014) indicates that using icon arrays is generally a more effective method for 

helping people with Bayesian reasoning tasks.  

 It is possible to derive hypotheses, parallel to the ones previously described regarding  

the interaction between information representation (an experimental manipulation) and 

numerical literacy (an individual difference measure), which focus instead on the relationship 

between pictorial aids (an experimental manipulation) and spatial ability (an individual 

difference measure). Specifically, the present research derives the following parallel hypotheses: 
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a) The spatial fluency hypothesis predicts that only people who have lower spatial ability will 

show facilitation due to pictures, because they are less able to self-generate their own mental 

images. 

b) The spatial threshold hypothesis predicts that only people who have higher spatial ability will 

show facilitation due to pictures, because they have the necessary skills to understand the 

graphical representation well enough for it to be useful (consistent with part of the results in 

Kellen, et al., 2013). 

c) The spatial adaptationist hypothesis predicts that people across a wide range of spatial 

abilities (i.e., other than extremes of impairment/expertise) will show facilitation due to 

pictures, because the mind evolved to work well with tracking of visual information (esp. 

discrete icons; Brase, 2009a). That is, all people should benefit to the same degree from 

pictorial aids and hence individual difference measures should not interact with this 

experimental manipulation. 

As before, the spatial fluency hypothesis is consistent with the nested sets view because it 

presumes a common pool of general facilitation (perceiving the subset structure) that could be 

tapped into either by higher spatial ability or by being provided pictures. The spatial 

adaptationist hypothesis is derived from the same ecological rationality view principles (evolved 

functional design of the mind) as the frequentist view. The threshold hypothesis does not fit well 

with either view.  

Summary 

To summarize, there are several different hypotheses and research questions which the 

following study addresses. First, and least complicated, is that we expect Bayesian reasoning 

with naturally sampled frequencies to be better than Bayesian reasoning with probabilities, and 
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we expect that the addition of pictorial aids to these tasks will also improve performance (pace 

Sirota, et al., 2014). Second, there are multiple, rival hypotheses about the effects of numerical 

literacy on Bayesian reasoning abilities. The fluency, threshold, and frequentist hypotheses make 

different predictions about if there will be an interaction between presentation format and 

numeracy and the nature of a potential interaction. Third, there are multiple, rival hypotheses 

about the effects of spatial ability on Bayesian reasoning abilities. The fluency, threshold and 

adaptationist hypotheses parallel the set of hypotheses regarding numerical literacy. Finally, 

there are a couple open research questions, for which there are not strong hypotheses. Are the 

effects of numeracy and spatial abilities (and of natural frequencies and pictures) additive or 

interactive with regards to Bayesian reasoning performance? Applying the same logic as used 

above, the nested sets view suggests that these two format manipulations will interact because 

they both tap into the single underlying property of providing task transparency/understanding. 

Lastly, it will be useful for future assessments to have a clearer idea regarding how much of the 

variation in overall performance can be accounted for by some combination of numeracy, spatial 

ability, numerical format, and pictures. 

Methods 

Participants 

Data were collected from 336 undergraduates at a large public university. For their 

participation, students received credit toward partial fulfillment of their introductory psychology 

course or extra credit in an upper-level psychology course. The average age of participants was 

19.8, and 129 of the participants were male. The target sample size for each condition was 85 

participants, which has been sufficient in prior studies (e.g., Brase, 2009a) to detect small-to-

medium effects such as differences between having a picture and no picture for the same task. 
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Materials and Procedures 

Participants signed up for and participated in this study within an online research 

participant management system (sonasystems.com) and participated via that same system. As 

part of this study, each participant answered a series of three Bayesian reasoning tasks (detailed 

below), a test of numerical literacy, and a test of spatial ability. The numerical literacy measure 

was a multiple choice version of the Lipkus numeracy scale (Lipkus, Samsa, & Rimer, 2008). 

This multiple choice version consists of 11 items, each with the most common four answers as 

alternatives, and is both more efficient and psychometrically more stable than the original scale 

(Hill, Brase, & Kenney, under review). The test of spatial ability was the Paper Folding Test 

(VZ-2, part 1) from Ekstrom, French, & Harman (1976). This test consists of 10 items. Each 

item contains a drawing of a uniquely folded square piece of paper with a hole punched through 

the folded paper in a specific location. For each drawing, participants are then asked to judge 

what the folded paper would look like, once unfolded, by selecting one of four pictures of 

unfolded papers located to the right of the original drawing. Thus, both of these individual 

difference measures (numeracy and spatial ability) used a multiple choice format.  

 The three Bayesian reasoning tasks used in this research were taken from previous 

studies and were selected because they have distinct and different structures (see Supplemental 

Materials for full texts of these tasks, including all variations used). One task was a version of 

Bertrand’s box problem (the “candy canes” problem, adapted from Brase, Cosmides, & Tooby 

(1998)). This task involves three categories (candy jars), each with two alternatives (candy 

flavors), and reasoning about the likelihood of a specific category given a randomly selected 

alternative. A second Bayesian reasoning task involved combining a base-rate (of college 

admission) and a false alarm rate (of test results; the “college admission” problem, adapted from 
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Girotto & Gonzalez (2001) and Brase (2008)). A third Bayesian reasoning task involved 

combining a disease base-rate and a diagnostic test with both a false alarm rate and a miss rate 

(the “disease” problem, adapted from versions used by Casscells, et al, (1978) and many others). 

Four versions were constructed of each of these problems by manipulating the numerical format 

(standardized percentages versus natural frequencies) and the presence versus absence of an 

icon-based pictorial representation of the task (see Supplemental Materials). Each participant 

received all three tasks, with all three being in only one of the four format/picture versions. 

Results 

Performance of participants was generally very consistent across the variations of 

Bayesian reasoning task structures and contexts (top portion of Table 1). Aside from two 

combinations (higher performance on the percentages + pictures disease task; lower performance 

on the natural frequencies + pictures candy canes task), neither the variations in computational 

elements (e.g., presence or absence of a miss rate) nor the surface contexts (candy canes, college 

admission, or disease) appeared to influence Bayesian reasoning ability. Collapsing across these 

task variations obtains average performance in percentage of participants obtaining correct 

answers across the four different presentation conditions (penultimate row, Table 1).  

What are the effects of Natural Frequencies and Pictures? 

Bayesian tasks expressed using natural frequencies resulted in normatively correct 

estimates significantly more often than tasks expressed using probabilities. This was true 

regardless of whether those formats were supplemented by pictures (19.4% versus 41.6%: 

z=3.12, p=.001, h=.49) or not (4.9% versus 37.3%: z=5.13, p<.001, h=.87). Tasks which included 

pictorial representations were also answered correctly more often than tasks without pictures. 

This was again true for either numerical format within the text, with the improvement being 
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significant in the case of percentages (4.9% versus 19.4%: z=2.88, p=.002, h=.47) and not 

statistically significant in the case of natural frequencies (37.3% versus 41.6%: z=0.57, p=.286, 

h=.09). In particular, the addition of a picture to the natural frequencies version of the candy 

canes task did not seem to be useful for participants. 

 For purposes of further evaluating and analyzing overall patterns in individual 

performance, each participant’s performance on all three reasoning tasks was dummy coded (0 

for incorrect; 1 for correct) and summed to yield a score between 0 and 3. Means for this overall 

Bayesian reasoning performance are provided in the bottom row of Table 1. A 2x2 ANOVA with 

the collapsed individual scores found significant main effects of numerical format 

(F(1,332)=72.71, p<.001, partial ŋ2=.18) and picture presence (F(1,332)=8.70, p=.003, partial 

ŋ2=.03). The interaction was not statistically significant (F(1,332)=2.62, p=.107, partial ŋ2=.01). 

 In sum, there is clear evidence that both natural frequencies and the inclusion of pictures 

both facilitate performance in Bayesian reasoning. The variations in the effect sizes also indicate 

that these facilitations are achieved via slightly overlapping means, such that either change in 

isolation tends to produce larger effects than when they are combined. This overlap, though, is 

clearly partial and relatively small, as indicated by the lack of a significant interaction, and there 

is still performance value added by each manipulation. 

 

Table 1: The percentages of correct responses for each of the three Bayesian reasoning tasks, 

across the four different presentation conditions for each task. The penultimate row shows the 

average performance for each presentation condition, and the bottom row shows the averaged 

performance of participants within each presentation condition.  
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Percentages 

(n=83) 

Natural 

Frequencies 

(n=84) 

Percentages 

+ Picture 

(n=84) 

Natural 

Frequencies 

+ Picture 

(n=85) 

Candy Canes Task 6.1% 32.1% 15.5% 30.6% 

College Admission Tasks 2.4% 40.5% 10.7% 49.4% 

Disease Task 6.1% 39.3% 32.1% 44.7% 

Average Performance  4.9% 37.3% 19.4% 41.6% 

Collapsed Individual Scores 

(mean; possible range 0 to 3) 0.14 1.12 0.58 1.25 

 

What is the Relationship between Numerical Literacy and Performance? 

Participants’ mean score on the numerical literacy scale was 8.73 (SD= 2.13), which is 

comparable with previous results using college samples (e.g., Hill & Brase, 2012). Numeracy 

was significantly correlated with Bayesian reasoning performance overall, r(334)=.29, p<.001, 

and this relationship strengthened marginally when controlling for the numerical format of the 

reasoning tasks, r(334)=.34, p<.001. The correlation between numeracy and performance was 

strongest when specifically evaluating problems expressed using natural frequencies, r(334)=.48, 

p<.001), and became significantly weaker when looking just at problems expressed using 

percentages, r(334)=.13, p=.089.  

 Overall, these results indicate that numerical literacy becomes a better predictor of 

performance when tasks are in natural frequency formats, which is consistent with the threshold 

hypothesis. There is also support for the frequentist hypothesis, however, in that the zero-order 
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correlation between numerical format and performance, r(334)=.42, p<.001, was not at all 

moderated by numeracy, rpartial(334)=.45, p<.001. 

What is the Relationship between Spatial Ability and Performance? 

Participants’ mean score on the spatial ability scale was 6.88 (SD= 2.59). Spatial ability 

was significantly correlated with Bayesian reasoning performance overall, r(334)=.266, p<.001, 

and this relationship strengthened marginally when controlling for the presence of a picture 

within the reasoning tasks, r(334)=.272, p<.001. The correlation between spatial ability and 

performance was strongest when specifically evaluating problems which included a pictorial 

representation, r(334)=.31, p<.001), and became only slightly weaker when looking just at 

problems with no picture, r(334)=.236, p=.002.  

 Overall, these results indicate that spatial ability functions in a way quite similar to 

numerical literacy in terms of being a predictor of statistical reasoning performance. These 

results, however, are less supportive of the threshold hypothesis, since spatial ability was still a 

significant predictor of performance even when there were no pictorial representations within the 

reasoning tasks. The results are commensurately a better fit with the spatial adaptationist 

hypothesis, and this conclusion is further supported by the fact that the zero-order correlation 

between picture presence and performance, r(334)=.14, p=.008) was not at all moderated by 

spatial ability, rpartial(334)=.16, p=.004). 

What are the Cumulative Effects of Presentation Formats and Individual Differences? 

 To date, no research has studied the possible relationships between multiple individual 

differences (i.e., numeracy and spatial ability) and different manipulations to improve Bayesian 

reasoning (i.e., natural frequencies and pictures). Very generally, an ecological rationality view 

would tend to hypothesize mainly independent effects (the frequentist and adaptationist 
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hypotheses), whereas a nested-sets view would tend to hypothesize interactions between these 

factors (including between numerical format and the use of pictures; i.e., the fluency 

hypotheses). These are very general indications, however, as there are too few theoretical 

constraints to make strong predictions at this time.  

A specific concern, on the other hand, is that the two individual differences of numeracy 

and spatial ability might be both tapping into some common underlying ability (e.g., general 

intelligence, attention to detail, motivation, etc.). Data were analyzed to account for these 

relationships. Indeed, there was a significant correlation between numerical literacy and spatial 

ability, r(334)=.55, p<.001. Could it be that there really is just one individual difference 

dimension here, assessed in two different ways? Finally, an additional question is more practical: 

How much of the variation in overall Bayesian reasoning performance can be accounted for by 

some combination of numeracy, spatial ability, numerical format, and pictures? 

 A forward stepwise multiple regression was used to initially address these questions. 

Overall individual Bayesian reasoning performance was the target variable, and potential 

predictor variables were: task numerical format (coded as 1 for percentages; 2 for natural 

frequencies), presence/absence of task pictures (coded as 1 for absent; 2 for present), numeracy, 

and spatial ability. Table 2 shows that all these variables were included as significant predictors, 

and with all these variables together the overall adjusted R2 was .31. Because of the nature of 

stepwise regression (correlations for subsequent predictors are calculated after controlling for 

predictors already in the model), these results indicate that each of these variables is indeed a 

unique predictor. 

In sum, there is clear evidence that both natural frequencies and the inclusion of pictures 

both facilitate performance in Bayesian reasoning, as do numeracy and spatial ability. Although 
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there are indications of some overlap between predictors in the preceding analyses, the stepwise 

regression shows that each predictor adds significantly to predicting cumulative Bayesian 

performance.  

Table 2. The results from a forward stepwise regression, showing that all the key predictors 

(numerical format, presence of a picture, numeracy, and spatial ability) significantly predict 

Bayesian reasoning task performance. 

 Unstandardized 

Coefficients 

Standardized 

Coefficients 

Semi-

partial 

Correl. 

 

 

t 

 

 

p B Std. Error Beta 

 (Constant) -2.289 .272   -8.412 .000 

Numerical Format .868 .089 .443 .441 9.726 .000 

Numeracy .092 .025 .200 .168 3.696 .000 

Spatial Ability .076 .021 .200 .166 3.666 .000 

Picture Presence .290 .089 .148 .148 3.262 .001 

 

 Although the results from the forward regression indicate all predictors to be of 

importance in predicting normative Bayesian responses, this does not directly address the 

question of how each of these predictors might interact with each other. This is particularly 

important for evaluating the fluency, threshold, and frequentist hypotheses regarding numerical 

literacy, and for the equivalent versions of those hypotheses regarding spatial ability. 

 A hierarchical regression was performed to test for higher-order effects (Table 3). 

Numeracy and spatial ability were centered prior to the analysis, and nominal variables were 

coded as follows: Pictorial Presentation (Present=1, Absent=0), Number Format (Frequency=1, 
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Probability=0). Step one resulted in a good model fit, R2=.32, F(4,331)=38.66, p<.001, and 

demonstrated results consistent with previous nonparametric analyses showing main effects for 

all four predictors, all ts > 3.20. Step two examined all six possible two-way interactions between 

the predictors, and their inclusion into the model produced statistically significant change in 

predictive ability, ∆R2=.08, ∆F(6,325)=6.96, p<.001. Of these six predictors, only three were 

unique: the interactions of number format x numeracy, spatial ability x numeracy, and spatial 

ability x number format. All other effects were not statistically significant: all ts < |2.00|. Steps 

three and four of the regression did not show significant improvement, and none of the individual 

predictors were unique. 

Table 3 

Hierarchical regression results. 

Step Predictors t β R2 (∆R2) F (∆F) 

1 

Picture Present (PP) 3.26* 0.15 

0.32 38.66* 
Number Format (NF) 9.73* 0.44 

Numeracy (N) 3.70* 0.20 

Spatial Ability (SA) 3.67* 0.20 

2 

PPxNF -1.75 -0.13 

(0.08) (6.96*) 

PPxN 0.17 0.01 

PPxSA 0.99 0.07 

NFxN 3.13* 0.23 

NFxSA 2.27* 0.17 

NxSA 2.27* 0.12 

3 

PPxNFxN -0.17 -0.02 

(<0.01) (0.32) 
PPxNFxSA 0.02 <0.01 

PPxNxSA 0.56 0.05 

NFxNxSA 1.01 0.08 

4 PPxNFxNxSA 0.73 0.09 (<0.01) (0.54) 

Note. Asterisks denote statistically significant effects at the .05 level. 
 

Is the Frequency Effect Completely Dependent upon Numeracy Level? 

 The interaction between numeracy and number format was probed for simple slopes. This 

analysis revealed a statistically significant effect for number format at both low, t(325)=4.54, 
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p<.001, β=.36, and high levels of numeracy, t(325)=8.48, p<.001, β=.69 (Figure 1a). Looking at 

the effect more closely using web-based regression tools (Preacher, Curran, & Bauer, 2006) the 

lowest level of numeracy where we can still find a frequency effect was 4.68. Below that value 

the number format manipulation does not work, according to the data in our sample. However, 

this does not affect very many people; in our sample, only 4.8% of participants received a 

numeracy score below 5. Overall, these results indicate that the frequency effect is most 

prominent among the highly numerate (consistent with the threshold hypothesis), but that the 

frequency effect is pervasive and remains present even at quite low levels of numeracy 

(consistent with the frequentist hypothesis).  

Is the Frequency Effect Completely Dependent upon Spatial Ability? 

The interaction between Number Format and Spatial Ability was examined. Simple 

slopes analysis showed that the number format manipulation was significant at low levels of 

spatial ability, t(325)=4.97, p<.001, β=.41, and also at high levels of spatial ability, t(325)=8.09, 

p<.001, β=.65 (Figure 1b). It was also determined the lower limit of spatial ability in our data 

necessary for the presence of the frequency effect was 1.42. Only 4.2% of the sample received 

scores lower than 2. Overall, this suggests spatial ability operates similar to numeracy, although 

the two predictors have unique overlap with performance (see stepwise regression results); the 

frequency effect is most prominent at high levels of spatial ability (consistent with the spatial 

threshold hypothesis), although even incredibly low levels of spatial ability retain the observed 

frequency effect (consistent with the adaptationist hypothesis). 
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 (a) 

  

 (b) 

 

Figure 1. Interactions between numeracy and number format (a), and between spatial ability and 

number format (b). 

The Interaction between Numeracy and Spatial Ability 

The unexpected numeracy by spatial ability interaction was probed, treating the lesser-

studied spatial ability as a moderator. This showed that the numeracy effect was not present at 

low levels of spatial ability, t(325)=-0.22, p=.828, β=-.02, or at high levels of spatial ability, 

t(325)=1.71, p=.088, β=.18. Interestingly, further calculations showed that the numeracy effect is 

only significant at a spatial score of 11.97, which is outside the possible range for our measure of 

spatial ability. 

Experiment 2 

The results of Experiment 1 demonstrated pervasive improvements of Bayesian reasoning 

when tasks were expressed using natural frequencies, and a consistent improvement when 

pictures were added to the tasks. In only one combination of contexts (the “candy cane” problem, 

using natural frequencies) did pictures not improve performance to some degree. The results of 

Experiment 1 also found distinct contributions to reasoning performance from not only the task 

numerical format and presence of a pictorial aid, but also from numerical literacy and spatial 
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ability. There are some overlaps between these factors, but each clearly had a distinct, additive 

contribution. 

Several issues raised by the results of Experiment 1 were further studied in Experiment 2. 

Of course, there is always a concern about replicability (Open Science Collaboration, 2015), so 

Experiment 2 was designed to ensure that the prior results could be consistently obtained. Of 

specific interest was if the anomalous lack of help from pictures in the candy cane / natural 

frequencies condition was reliable or not. There also could be a concern that the method in 

Experiment 1 of having each participant view three Bayesian reasoning tasks, all of the same 

numerical format and all either with or without pictures, could possibly have led to some type of 

practice effect. Finally, there was the sizeable correlation between numerical literacy and spatial 

ability found in Experiment 1. Although the regression analyses found both of these measures 

had significant and distinct predictive abilities, could there be some more general underlying 

dimension? Could different assessments of numeracy and spatial ability either clarify this 

connection between them or perhaps even better account for Bayesian reasoning performance? 

 Experiment 2 therefore used random assignment of participants to the conditions for each 

the three Bayesian reasoning tasks, independently and for each participant. It also used four 

different assessments of numerical literacy and four different assessments of spatial ability.  

Methods 

Participants  

Data were collected from 237 undergraduates at a large public university. For their 

participation, students received credit toward partial fulfillment of their introductory psychology 

course or extra credit in an upper-level psychology course. The average age of participants was 
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19.90, and 125 of the participants were male. The target sample size for each condition was 60 

participants, based on the effect sizes found in Experiment 1. 

Materials and Procedures 

Participants signed up for and participated in this study within an online research 

participant management system (sonasystems.com) and participated via an online survey system 

(qualtrics.com). As part of this study, each participant answered a series of three Bayesian 

reasoning tasks (detailed in Experiment 1), four different assessments of numerical literacy, and 

four different assessments of visuospatial ability. The composition of the Bayesian reasoning 

tasks was manipulated, between subjects, in terms of the numerical format (standardized 

percentages versus natural frequencies) and the presence versus absence of an icon-based 

pictorial representation of the task. Unlike in Experiment 1, the particular conditions each 

participant received, for each of the three tasks, was independently manipulated. The numerical 

literacy assessments were: 

a) A multiple choice version of the Lipkus numeracy scale (as described in Experiment 1). 

b) Additional items 5-7 from Berlin numeracy scale for the general population (Cokely, Galesic, 

Schulz, Ghazal, & Garcia-Retamero, 2012). The first four items of the Berlin numeracy scale 

are the same or nearly the same as items in the Lipkus numeracy scale. The final three items 

of the Berlin scale, however, are key to the discriminability of that scale and are novel items 

relative to the Lipkus scale. Additionally, these questions were kept as open response 

questions, to further provide a different type of numeracy assessment. 

c) The Subjective Numeracy Scale (SNS) is a self-report measure of perceived ability to 

perform various mathematical tasks and preference for the use of numerical versus prose 

information (Fagerlin, Zikmund-Fisher, Ubel, Jankovic, Derry, & Smith, 2007; Zikmund-
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Fisher, Smith, Ubel, Fagerlin, 2007). The SNS is composed of 8 items that ask participants to 

rate their numerical abilities and preferences (e.g., “How good are you at working with 

fractions?”, rated from “not at all good” to “Extremely good”). The SNS is moderately 

correlated with objective numeracy scales (e.g., Hill & Brase, 2012). 

d) The expanded Cognitive Reflections Test (CRT), which includes the three original CRT 

items (Frederick, 2005) and an additional four items of a similar nature (Toplak, West, & 

Stanovich, 2014). An example (from the original CRT) is “A bat and a ball cost $1.10 in 

total. The bat costs a dollar more than the ball. How much does the ball cost? ____ cents” 

(Correct answer 5 cents; intuitive answer 10 cents). Although the CRT was designed as a 

measure of cognitive information processing style (e.g., use of System 1 versus System 2 

processes), it has also been documented to be a measure of numerical literacy as well (e.g., 

Thompson & Oppenheimer, 2016). 

The visuospatial ability assessments were: 

a) The Paper Folding Test (as described in Experiment 1); expanded to 20 items (versions 1 and 

2). 

b) An adapted version of the water level task (Linn & Petersen, 1985; Inhelder & Piaget, 1958). 

The water level task used here included instructions and an example item, then seven test 

items. Each item consisted of three drawings of glass on top of a table, half filled with water 

and tilted at an angle (the same angle for all three glasses within each item). The three glasses 

each had a blue line to show the surface of the water while the glass is being kept at that 

angle, and that angle was different across the three glasses. The participants’ task was to pick 

which picture was the closest to the correct appearance of an actual glass with water, being 

held at that angle. 
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c) An updated test of mental rotation (redrawn by Peters, et al., 1995; also see Peters & Battista, 

2008), based on the Vanderberg & Kuse (1978) Mental Rotation Test. The mental rotation 

task used here included instructions and example items, then 24 test items. Each test item 

consisted of a target figure on the left, and four stimulus figures on the right. Two of the four 

stimulus drawings were rotated versions of the target figure; two were not. Participants were 

asked to indicate which of the two figures were rotated versions of the target figure, and told 

that a correct answer was to pick exactly those two figures. 

d) The Santa Barbara Sense of Direction scale (Hegarty, Richardson, Montello, Lovelace, & 

Subbiah, 2002). The SBSD consists of fifteen statements that participants rated on a scale for 

how well each statement describes them (1 being “strongly disagree” and 7 being “strongly 

agree”). The direction of this SBSD scale was reversed from the original measure to be more 

consistent with other assessments in this experiment. An example of the statements is, “I am 

very good at giving directions.” 

Upon completing this battery of measures, participants were thanked and provided with 

debriefing information. 

Results 

Performance of participants was again very consistent across the variations of Bayesian 

reasoning tasks (looking down columns in Table 4), with the exception of the lower than 

expected performance on the natural frequencies + pictures candy canes task (as found in 

Experiment 1) and lower than expected performance on the natural frequencies disease task. 

Generally, though, neither the structural variations nor the surface content appeared to influence 

Bayesian reasoning ability. Collapsing across these task variations obtains average performance 
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in percentage of participants obtaining correct answers (bottom row, Table 4) across the four 

different presentation conditions.  

 

Table 4: The percentages of correct responses for each of the three Bayesian reasoning tasks, 

across the four different presentation conditions for each task. The bottom row shows the 

averaged performance of participants within each presentation condition.  

 Percentages 

Natural 

Frequencies 

Percentages + 

Picture 

Natural 

Frequencies + 

Picture 

Candy Canes Task 10.9% (n=55) 52.6% (n=57) 21.0% (n=62) 33.3% (n=63) 

College Admission Task 10.2% (n=59) 48.3% (n=58) 32.2% (n=59) 60.7% (n=61) 

Disease Task 5.2% (n=58) 24.6% (n=57) 26.7% (n=60) 51.6% (n=62) 

Average Performance  8.7% (n=172) 41.9% (n=172) 26.5% (n=181) 48.4% (n=186) 

 

What are the effects of Natural Frequencies and Pictures? 

Performance on the Bayesian reasoning tasks replicated the results of Experiment 1. 

Tasks expressed using natural frequencies resulted in normatively correct answers significantly 

more often than tasks expressed using probabilities, and this held whether those formats were 

supplemented by pictures (26.5% versus 48.4%: z=4.33, p<.001, h=.46) or not (8.7% versus 

41.9%: z=7.08, p<.001, h=.81). Tasks which included pictorial representations were also 

answered correctly more often than tasks without pictures, but this depended on whether the 

numerical format was percentages (8.7% versus 26.5%: z=4.37, p<.001, h=.48) or natural 

frequencies (41.9% versus 48.4%: z=1.23, p=.110, h=.13). In the case of pictures added to 
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natural frequencies, however, the much smaller effect found in Experiment 1 was replicated 

(driven in large part by the candy canes task; with that task excluded this result is 36.5% versus 

56.1%: z=3.03, p=.001, h=.40). 

 As in Experiment 1, there was again clear evidence that both natural frequencies and the 

inclusion of pictures facilitate performance in Bayesian reasoning. The variations in the effects 

of these manipulations – in particular the larger effect of pictures when given alongside 

percentages, as compared to when given alongside natural frequencies – again shows that these 

facilitations are achieved via partially overlapping means but both manipulations improve 

performance in a way that is also largely additive.  

Assessments of numerical literacy and visuospatial ability 

Each of the four different assessments of numerical literacy and related constructs 

showed acceptable quality. The multiple choice Lipkus numeracy scale had good reliability 

(Cronbach's α = .760), with a mean of 8.38 (out of 11 possible). This level of performance was 

comparable with previous results using college samples (e.g., Hill & Brase, 2012). Items 5-7 

from the Berlin numeracy scale had low reliability (Cronbach's α = .531), which is actually 

consistent with the development of these items because they were designed for maximum 

discriminability (Cokely, et al., 2012). The mean performance for these three items was 0.68 (out 

of 3 possible). The Subjective Numeracy Scale (SNS) showed very good reliability (Cronbach's 

α = .833) and a mean score of 4.06. Finally, the expanded Cognitive Reflections Test (CRT) had 

good reliability (Cronbach's α = .770) and a mean score of 2.59 (out of 7 possible). The CRT, 

which is not directly designed as a test of numerical literacy, showed strong correlations with all 

the numeracy measures (all rs ≥ .38; see Table 5a) 
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Tables 5a-b. Correlations between measures of numerical literacy (5a) and correlations between 

measures of visuospatial ability (5b). (** indicates a correlation is significant at the 0.01 level, 

2-tailed.) 

a 

LNS BNS 

Cognitive 
Reflection 

Test (CRT) 

Subjective Numeracy Scale (SNS) .457** .340** .403** 

Lipkus Numeracy Scale (LNS)  .379** .567** 

Berlin Numeracy Scale (BNS)   .531** 

 

b WLT MRT Paper 
Folding 

Test (PFT) 

Sense of Direction Scale (SDS) -.185** -.046 -.063 

Water Level Test (WLT)  .529** .456** 

Mental Rotation Tests (MRT)   .631** 

 

The four different visuospatial ability assessments also showed acceptable quality. The 

Paper Folding Test had very good reliability (Cronbach's α = .878), with a mean of 12.09 (out of 

20 possible). The water level task had acceptable reliability (Cronbach's α = .693), and a mean of 

4.19 (out of 7 possible). The mental rotation test had very good reliability (Cronbach's α = .942), 

and a mean of 11.77 (out of 24 possible). Lastly, the Santa Barbara Sense of Direction scale had 

good reliability (Cronbach's α = .885), with a mean of 4.76 (out of 7). The correlations between 

three of these assessments was very strong, but the Sense of Direction scale showed either no 

significant relationship with the other scales or (for the water level test) a small but significant 

negative correlation.  

What is the Relationship between Numerical Literacy and Performance? 

Because participants were randomly assigned to different format conditions for each of 

the three Bayesian reasoning tasks, it would not be useful to collapse Bayesian reasoning 

performance across the three tasks. Interestingly, performance was only weakly correlated for the 
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three Bayesian reasoning tasks. Although performances on the college admissions task and 

disease task were significantly correlated, the relationship was weak (r=.182, p=.005), and the 

candy canes task was not correlated with either of the two other Bayesian reasoning tasks 

(College Admission Task: r=.122, p=.060, and Disease Task: r=.058, p=.373). The evaluations 

of how performance is related to measures of numerical literacy (and in the next section, 

visuospatial ability) were therefore conducted for each of the three Bayesian reasoning tasks 

individually.  

Bayesian reasoning performance was significantly correlated with numeracy, regardless 

of the assessment method, and this relationship strengthened marginally when controlling for the 

numerical format of the reasoning tasks (Table 6).  

 

Table 6. Correlations between measures of numerical literacy and performance on three 

Bayesian reasoning tasks, both zero-order correlations (top) and partial correlations (bottom) 

controlling for the numerical format of the reasoning tasks. (** indicates a correlation is 

significant at the 0.01 level, 2-tailed; * indicates a correlation is significant at the 0.05 level, 2-

tailed.) 

 Candy Canes 

Task 

College 

Admission Task 

Disease Task 

Zero-order 

Correlations 

Lipkus Numeracy .226** .273** .211** 

Subjective Numeracy .183** .142* .137* 

Berlin Numeracy .205** .277** .322** 

Cog Reflect Test .293** .295** .233** 

Controlling for 

Numerical 

Format 

Lipkus Numeracy .249** .324** .231 

Subjective Numeracy .216** .139* .145* 

Berlin Numeracy .243** .331** .323 

Cog Reflect Test .315** .355** .239 
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What is the Relationship between Spatial Ability and Performance? 

Bayesian reasoning performance was significantly correlated with two of the assessments 

of spatial ability: the mental rotation and paper folding tests. The water level test was correlated 

with performance only for one Bayesian reasoning task (the candy canes task). The Santa 

Barbara Sense of Direction scale was not related to performance at all. Partial correlations, 

controlling for the presence/absence of a pictorial aid, found no changes in any of the above 

relationships (Table 7).  

 

Table 7. Correlations between measures of spatial ability and performance on three Bayesian 

reasoning tasks, both zero-order correlations (top) and partial correlations controlling for the 

numerical format of the reasoning tasks. (** indicates a correlation is significant at the 0.01 

level, 2-tailed; * indicates a correlation is significant at the 0.05 level, 2-tailed.) 

 Candy Canes 

Task 

College 

Admission Task 

Disease Task 

Zero-order 

Correlations 

Sense of Direction .023 .051 .054 

Water Level Test .225** .058 .123 

Mental Rotation Test .330** .277** .196** 

Paper Folding Test .295** .349** .239** 

Controlling for 

Picture Presence 

/ Absence 

Sense of Direction .021 .052 .071 

Water Level Test .224** .077 .119 

Mental Rotation Test .328** .288** .185** 

Paper Folding Test .292** .359** .221** 

 

What is the Relationship between Numerical Literacy and Spatial Ability? 

 Experiment 1 found a surprisingly strong relationship (r=.55) between numerical literacy 

(as measured using a multiple choice version of the Lipkus numeracy scale) and spatial ability 

(as measured using the paper folding task). The present study replicated that finding exactly, and 

also established that it is a general phenomenon across nearly all the numerical literacy and 
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spatial ability assessments (Table 8). The notable exception was the Santa Barbara Sense of 

Direction Scale, which also was the one measure unrelated to Bayesian reasoning performance 

(see Table 7).  

 

Table 8. Correlations between measures of numeracy and spatial ability. (** indicates a 

correlation is significant at the 0.01 level, 2-tailed; * indicates a correlation is significant at the 

0.05 level, 2-tailed.) 

 Numerical Literacy Measures 

 Subjective 

Numeracy 

Scale 

Lipkus 

Numeracy 

Scale 

Berlin 

Numeracy 

Scale 

Cognitive 

Reflection 

Test 

Spatial Ability 

Measures 

Sense of Direction -.174** -.010 .094 .010 

Water Level Test .312** .383** .292** .454** 

Mental Rotation Test .382** .604** .352** .553** 

Paper Folding Test .340** .552** .369** .488** 

 

 

This finding lends further weight to the idea that individual differences in numeracy and 

spatial ability might both have some common underlying construct. Two methods were used to 

address this possibility while estimating how much of the variation in overall Bayesian reasoning 

performance can be accounted for by some combination of numeracy, spatial ability, numerical 

format, and pictures. The first method was stepwise regression analyses (as in Experiment 1) to 

discover which predictors were excluded. (E.g., do spatial ability measures no longer account for 

reasoning performance once numeracy is taken into account?) The second method was to 

conduct a factor analysis on all the numeracy and spatial ability measures to extract common 

underlying factors (e.g., will one general factor emerge or distinct factors for numeracy and 

spatial ability?). These derived factor(s) can then be evaluated as predictor(s) of Bayesian 

reasoning performance.  
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 The Cumulative Effects of Presentation Formats and Individual Differences 

 Forward stepwise multiple regressions were first used to address the relative 

contributions and independence of task numerical format, presence/absence of task pictures, 

numeracy, and spatial ability. Because each participant in Experiment 2 was given three different 

Bayesian reasoning tasks which were independently varied in terms of numerical format and 

picture presence/absence, three different regression analyses (one for each reasoning task as the 

target variable were conducted. Tables 9a-c summarize these analysis results. For the candy cane 

Bayesian reasoning task, three predictors were significant predictors of performance: mental 

rotation, numerical format, and the cognitive reflection task (Adjusted R2=.208, F(3, 233)=21.62, 

p<.001). For the college admissions Bayesian reasoning task, six predictors were significant: 

numerical format, picture presence/absence, the paper folding and water level tasks, the Berlin 

numeracy test, and the cognitive reflection task (Adjusted R2=.33 (F(6, 230)=19.99, p<.001). For 

the disease Bayesian reasoning task, four predictors were significant: numerical format, picture 

presence/absence, the Berlin numeracy test, and the paper folding task (Adjusted R2=.22, F(4, 

232)=18.01, p<.001). 

 

Tables 9a-c. Forward stepwise multiple regressions predicting Bayesian reasoning performance 

using potential predictors of reasoning task format (numerical format, presence/absence of 

picture), numeracy (four measures), and spatial ability (four measures).  

Table 9a: Predicting performance on the Candy Cane Bayesian reasoning task. 
 Unstandardized 

Coefficients 

Standardized 

Coefficients 

t p-value. B Std. Error Beta 

(Constant) -.109 .057  -1.905 .058 

Mental Rotation .015 .004 .251 3.605 .000 
Numerical Format .276 .053 .302 5.215 .000 

Cog Reflect Test .035 .015 .164 2.351 .020 
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Table 9b: Predicting performance on the College Admissions Bayesian reasoning task. 
 Unstandardized 

Coefficients 

Standardized 

Coefficients 

t p-value B Std. Error Beta 

(Constant) -.238 .086  -2.756 .006 

Paper Folding .028 .006 .281 4.319 .000 
Numerical Format .357 .052 .367 6.802 .000 

Berlin Numeracy .074 .036 .134 2.088 .038 
Picture pres/absent .165 .052 .170 3.149 .002 

Cog Reflect Test .045 .016 .200 2.827 .005 

Water Level -.035 .015 -.146 -2.309 .022 

 

Table 9c: Predicting performance on the Disease Bayesian reasoning task. 
 Unstandardized 

Coefficients 

Standardized 

Coefficients 

t p-value B Std. Error Beta 

(Constant) -.179 .077  -2.335 .020 

Berlin Numeracy .122 .032 .239 3.852 .000 
Picture pres/absent .209 .052 .235 4.062 .000 

Numerical Format .220 .051 .247 4.286 .000 

Paper Folding .013 .006 .139 2.236 .026 
 

What these regression analyses have in common is that numerical format is always a 

significant predictor, picture presence/absence is nearly always a significant predictor (the 

exception being for the candy cane task, which was earlier identified as anomalous in this 

respect; see Table 4), and there were always additional predictors that included both numeracy 

and spatial ability measures. Which of these later measures were retained in each regression 

varied, but there was always at least one of each. These results corroborate the findings of 

Experiment 1; that both natural frequencies and pictures facilitate Bayesian reasoning, and both 

numeracy and spatial ability have additional predictive ability beyond that.  

 A different way to look at the relationships between numerical literacy, spatial ability, 

and Bayesian reasoning is to first use factor analysis to extract a common underlying factor (or 

factors), given the substantial correlations between numeracy and spatial ability. Because it is an 

important question of interest whether the numeracy measures will combine as a separate factor 
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from the spatial ability factors, an exploratory approach was taken (using principal component 

analysis for extraction, and Varimax Rotation with Kaiser Normalization). Two factors were 

identified with Initial Eigenvalues greater than 1, and these two factors cumulatively explained 

60.68% of the variance. These two factors, however, were not numeracy and spatial ability. The 

rotated matrix (Table 10) shows that the first factor includes all the assessments except the Santa 

Barbara Sense of Direction Scale, which makes up the second factor. 

Table 10. Exploratory factor analysis of the numerical literacy and spatial ability measures. 

Loadings less than .300 are removed for ease of interpretation.  

 Component 

Spatial / 

Numeracy 

SDS 

Mental Rotation .809  

Cog Reflect Test .802  

Lipkus Numeracy .790  

Paper Folding .763  

Water Level .650 -.322 

Berlin Numeracy .645 .314 

Subjective Numeracy .602  

Sense of Direction  .926 

 
Given the other results from Experiment 2 indicating that the SB Sense of Direction Scale 

does not share relationships with the other measures (see Tables 5b, 7, and 8), this factor analysis 

does make some sense and it suggests that the primary focus in terms of useful factors from this 

analysis should be on the first factor. Thus, an overall score was calculated for each participant 

based on all their numeracy and spatial ability measures except the Sense of Direction Scale. 

Specifically, the individual scores for each measure were standardized as z-scores, and these 

were then averaged for each participant to obtain an overall factor measure. This overall factor 

score was significantly correlated with Bayesian reasoning performance, and was distinct from 
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the relationships between Bayesian reasoning and either numerical format or picture 

presence/absence (Table 11). 

 
Table 11. Zero-order Correlations between performance on three Bayesian reasoning tasks and 

numerical format, spatial ability, and the common spatial/numeracy factor (top), and partial 

correlations (bottom) between the first three variables controlling for the spatial/numeracy 

factor. (** indicates a correlation is significant at the 0.01 level, 2-tailed; * indicates a 

correlation is significant at the 0.05 level, 2-tailed.) 

 

Candy 

Canes Task 

College 

Admission 

Task 

Disease 

Task 

Zero-order 

Correlations 

Numerical Format .288** .344** .253** 

Picture Pres/absent -.054 .181** .275** 

Spatial/Numeracy Factor .346** .329** .288** 

Controlling for 

Spatial/Numeracy Factor 

Numerical Format .334** .394** .274** 

Picture Pres/absent -.039 .207** .269** 

 

 

Is the Frequency Effect Dependent upon Spatial Ability and Numeracy? 

In Experiment 1 the frequency effect was present except for extremely low—and rare—

levels of numerical literacy and spatial ability. These results were most supportive of the 

frequentist hypothesis showing nearly ubiquitous frequency effects across levels of numerical 

literacy and spatial ability. These results are also inconsistent with both the fluency hypothesis 

(frequency effect with low numerical and spatial skills) and the threshold hypothesis (frequency 

effect with high numerical and spatial skills).  

To examine if the frequency effect was dependent upon individual differences in spatial 

ability and numeracy in Experiment 2, a three-step hierarchical logistic regression was 

performed on each of the three Bayesian reasoning problems. Picture present, number format, 
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and the spatial/numeracy factor were all used as predictors of correct/incorrect responses on each 

of the three Bayesian reasoning problems. There were consistent main effects for the three 

individual predictors across all three problems. The only exception was the lack of a main effect 

for the picture manipulation in Problem 1. All of the analyses showed a lack of dependency of 

the frequency effect on individual differences in the spatial/numeracy factor. Again, these results 

are consistent with the frequentist hypothesis, but inconsistent with both the fluency and 

threshold hypotheses. The fluency and threshold hypotheses would have predicted performance 

dependencies on spatial ability and numerical literacy, albeit with simple effects in opposing 

directions. The frequentist hypothesis predicts main effects for number format manipulations 

alone, with no expectation of moderation with individual difference measures of spatial ability 

and numerical literacy. 

 

Table 12 

 

Hierarchical logistic regression results for problem 1(a), 2(b), and 3(c) 
 

(a) Candy Canes Bayesian Reasoning Task 

Step Predictors Wald χ2 η2 χ2(Step χ2) R2
CS 

1 

Picture Present (PP) 0.42 <.01 

57.07* .21 Number Format (NF) 23.34* .18 

Numeracy/Spatial Ability (NSA) 29.40* .12 

2 

PPxNF 6.90* .24 

(8.95*) .24 PPxNSA 0.04 <.01 

NFxNSA 1.08 .02 

3 PPxNFxN 0.24 .02 (0.24) .24 

 

(b) College Admission Bayesian Reasoning Task 

Step Predictors Wald χ2 η2 χ2(Step χ2) R2
CS 

1 

Picture Present (PP) 11.53* .09 

78.49* .28 Number Format (NF) 33.72* .25 

Numeracy/Spatial Ability (NSA) 31.77* .15 

2 
PPxNF 3.01 .13 

(3.42) .29 
PPxNSA 0.49 .01 
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NFxNSA 0.03 <.01 

3 PPxNFxN 1.98 .24 (2.31) .30 
 

(c) Disease Bayesian Reasoning Task 

Step Predictors Wald χ2 η2 χ2(Step χ2) R2
CS 

1 

Picture Present (PP) 15.86* .13 

56.54* .21 Number Format (NF) 17.07* .14 

Numeracy/Spatial Ability (NSA) 18.83* .08 

2 

PPxNF 1.20 .06 

(2.77) .22 PPxNSA 0.04 <.01 

NFxNSA 1.14 .02 

3 PPxNFxN 2.93 .24 (3.06) .23 

Note. Asterisks denote statistically significant effects at the .05 level. Values for η2 were 

calculated using conversion formulas discussed in Tabachnick and Fidell (2007). 

 

Discussion 

Although Sirota, et al. (2014) has recently challenged a growing consensus, the present 

research strongly reaffirmed the findings that both naturally sampled frequencies and pictures 

improve Bayesian reasoning. This research also found that numerical literacy and spatial ability 

contribute to Bayesian reasoning success in ways that are largely independent of the presentation 

format (i.e., natural frequencies, pictures) of the tasks. This independence was established via 

experimental design analyses as well as correlations, partial correlations, and regression 

analyses. There was some limited support for the threshold hypothesis with regard to numeracy 

and frequencies in Experiment 1 (i.e., the effect of natural frequency formats becomes non-

significant at very low levels of numerical literacy), but this result sits surrounded by several 

other analyses which indicate a predominance of direct main effects rather than interactions. 

Also, dependency through an interaction was found in Experiment 2. Instead, only main effects 

were present for individual differences in spatial and numeracy ability, presentation of pictures, 

and number format. These additive main effects of numeracy, spatial abilities, natural 

frequencies, and pictures are able to account for over 30% of the variance in Bayesian reasoning 
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performance. All possible simple interaction effects combined to account for an additional 8% of 

the performance variance, but further exploration of these interactions revealed that they were 

occurring at the margins of ability levels (more consistent with the frequency and spatial 

adaptationist hypotheses, rather than the fluency hypotheses). No higher order interactions 

accounted for additional variance, which further suggests fundamental problems with theoretical 

models that propose a general underlying factor (e.g., transparency, clarity, “outside view” 

perspectives, etc.), which each of these manipulations taps into, and that strongly determines 

Bayesian reasoning performance.  

Because the nested-sets view of Bayesian reasoning holds, as a fundamental premise, that 

there is a unitary and general factor that facilitates performance (i.e., understanding of the 

nested-set structure), this view is committed to some version of the fluency hypothesis. 

Specifically, there should be a point at which additional manipulations to improve performance 

are rendered moot because the reasoner has reached a full understanding of the task structure (or 

as full an understanding as the person is capable of). Statistically, this would show up as 

interaction effects, but no such effects were found (in fact, the only indications of dependences 

of variables were in the opposite direction). One could argue that participants in this study never 

reached a high enough level of reasoning performance for these predicted interactions to fully 

appear, but one would still expect to see indications of these interactions as progressively more 

participants reached saturation in terms of nested-set comprehension. The same theoretical 

commitment to a general underlying factor, directly predicting an eventual interaction (for which 

we have no evidence), is also present in dual-process models of Bayesian reasoning (Barbey & 

Sloman, 2007).  
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 The view best supported by the evidence, both here and in the overall body of previous 

research, is that of ecological rationality. From this point of view, successful improvements in 

Bayesian reasoning are likely to be derived from tasks being presented in more ecologically 

representative ways, and those improvements will tend to be additive (until we reach task 

performance ceilings). Individual differences also play a role, because levels of expertise, 

experience, and motivation always affect performance, but these are largely independent and 

theoretically less important.  

Possible Limitations and Future Directions 

 As in much of the previous work on Bayesian reasoning, performance under certain 

conditions –using normalized numbers with no pictorial aids— was quite poor (4.9% overall in 

Experiment 1 and 8.7% in Experiment 2). This could raise concerns about possible floor effects. 

The likelihood of this being an issue in the current research are minimal, though. To the extent 

that any floor effects existed, they would have biased results in the direction of finding 

interactions, whereas our actual results were characterized by a distinct paucity of interactions. 

The most likely effect of any spurious interactions caused by floor effects, then, would be to 

create an even clearer version of the present results and conclusions. 

 The highest levels of performance, on the other hand, were not exceptionally high 

(collapsed levels of 41.6% in Experiment 1 and 48.4% in Experiment 2 for natural frequency 

formatted tasks that included pictures). One clear direction for further inquiry is to evaluate 

additional factors which may further explain reasoning performance, and manipulating those 

factors to further improve performance. Some reasonable contenders as additional factors include 

motivation level (e.g., intrinsic and/or extrinsic motivations; Brase, et al., 2006, Brase, 2009b) 

and perhaps even more general measures of cognitive ability or education (e.g., general 
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intelligence; Sirota et al, 2014; McNair & Feeney, 2015). It is also possible that the particular 

tasks used in the present studies, although staple stimuli in the statistical reasoning literature, 

could be improved by more detailed instructions and clarifications of implicit background 

assumptions that participants are presumed to make or knowledge they are presumed to have 

(e.g., about sampling and pre-existing priors).  

This is not to say, however, that the manipulations using the present research can be 

subsumed under some more general issue such as participant engagement (e.g., to claim that 

natural frequencies or pictures are “naturally more engaging” than other formats). Similarly, it is 

not useful to explain the effects of presentation formats or problem mental representations by 

pointing out that some particular arrangement is self-evidently “more transparent” or “clearer” 

without elaborating as to why it is perceived that way. Such folk-psychological explanations 

forfeit any deeper thinking about the nature of human psychology on that topic. Specifically, 

instead of working to understand the structure of the human mind that makes some formats more 

“engaging” than others, the engagement is attributed to the stimuli themselves. William James 

described this tendency when he noted, “It takes, in short… a mind debauched by learning to 

carry the process of making the natural seem strange, so far as to ask for the why of any 

instinctive human act” (James, 1890, p. 387).  

In summary, the results from this research indicate that the nested-sets explanation of 

Bayesian reasoning being improved via the “transparency” of nested relationships is not 

predictively useful. The ecological rationality view, in contrast, not only predicts the empirical 

results found here but also points towards further possibilities for improving Bayesian reasoning.   
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